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Unsteady Flow Evolution in Porous Chamber with Surface
Mass Injection, Part 2: Acoustic Excitation

Sourabh Apte¤ and Vigor Yang†

Pennsylvania State University, University Park, Pennsylvania 16802

Our earlier work on injection-driven � ows in a porous chamber is extended to explore the effect of forced
periodic excitations on the unsteady � ow� eld. Time-resolved simulations are performed to investigate the effects
of traveling acoustic waves on large-scale turbulent structures for various amplitudes and frequencies of imposed
excitations. The resultant oscillatory � ow� eld is decomposed into mean, periodic (or organized), and turbulent
(or random) motions using a time-frequency localization technique. Emphasis is placed on the interactions among
the three components of the � ow� eld. The primary mechanism for the transfer of energy from the mean to the
turbulentmotionis providedby the nonlinearcorrelationsamongthevelocity � uctuations,as observed in stationary
turbulent � ows. The unsteady, deterministic component gives rise to an additionalmechanism for energy exchange
between the organized and turbulent motions and, consequently, produces increased turbulence levels at certain
acoustic frequencies. The periodic excitations lead to earlier laminar-to-turbulence transition than that observed
in stationary � ows. The turbulence-enhanced momentum transport, on the other hand, leads to increased eddy
viscosity and tends to dissipate the vortical wave originating from the injection surface. The coupling between the
turbulent and acoustic motions results in signi� cant changes in the unsteady � ow evolution in a porous chamber.

Nomenclature
a = speed of sound
f = frequency, Hz
h = chamber half-height, m
I = turbulence intensity,

p
.u0u 0 C v 0v 0/

L = chamber length, m
Mc = mean Mach number at centerline
Mcr = critical acoustic Mach number
Minj = injection Mach number
Pmw = injection mass � ow rate, kg/m2s
p = pressure, Pa
Re = Reynolds number
T = temperature, K
t = time, s
u = axial velocity, m/s
u = velocity vector
v = vertical velocity, m/s
vw = injection velocity, m/s
° = ratio of speci� c heats
± = thickness of acoustic boundary layer
" = magnitude of imposed periodic excitation
¹ = dynamic viscosity, kg/ms
º = kinematic viscosity, m2/s
ºt = turbulent eddy viscosity, m2/s
½ = density, kg/m3

¾ = shear stresss, kg/m2s
¿ = period of acoustic oscillation, s
’ = velocity potential
Ã = solenoidal velocity
X = vorticity

Subscripts

b = bulk mean quantity
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c = centerline
lam = laminar
w = wall

Superscripts

a = deterministic unsteady component
0 = � uctuating component due to turbulence

Averaging

N = time-averaged quantity
$ = density-weighted, time-averaged quantity
h i = ensemble averaging

I. Introduction

T HE presentwork extendsour previous study1 on unsteady� ow
evolution in a porous chamber with surface mass injection, to

include periodic excitations of the stationary � ow� eld. Traveling
acoustic waves are obtained by imposing temporal oscillations at
the head end of the chamber, with amplitudes and frequencies rele-
vant to the intrinsichydrodynamic� ow instability.A time-resolved,
large-eddy-simulation(LES) technique is used to compute the in-
jection driven � ow as elucidated previously.1 The interactions be-
tween the mean and oscillatory � ow� elds may enhance turbulence
intensity and cause early laminar-to-turbulencetransition at certain
frequencies of imposed excitations. This phenomenon is of utmost
importance in the explorationof nonequilibriumturbulence, acous-
tically induced � ow instability,unsteadyscalar transport,and turbu-
lent coherent structures in nonstationary environments. The study
of energy-exchangemechanismsamong the mean, deterministic(or
periodic), and turbulent motions may also improve the understand-
ing of self-sustainedunstablemotionswithin combustionchambers.

Turbulent � ows under imposed organized oscillations have been
investigated in a variety of con� gurations, including channel � ows,
� at-plate boundary layers, piston-drivenresonatingtubes, and com-
bustion chambers of rocket and airbreathing engines. As a � rst at-
tempt, Lighthill2 provided an analytical framework for studying the
responses of laminar skin-friction and heat-transfer coef� cients to
small external perturbations in velocity. The work was extended
for turbulent � ows by Patel3 and Cebeci4 using mixing-length and
eddy-viscosity formulations, respectively. Considerable effort was
contributed by Schachenmann and Rockwell5 and Simpson et al.6

to the investigation of the growth of boundary layers with mean
pressure gradients. In spite of the progress made so far, detailed
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insight into the temporal evolution of turbulenceunder forced exci-
tations remains limited because of the intricate interactions among
the various constituent � ow� elds involved. The lack of a uni� ed
data-deductionprocedure that can be applied to different � ow con-
ditions poses another dif� culty.

Transition to turbulence in an oscillatory pipe � ow was investi-
gated by Merkli and Thomann7 and Eckmann and Grotberg.8 Their
experimentsproposed that turbulenceoccurs in the form of periodic
bursts followed by relaminarization; however, fully turbulent � ow
was not observed during the whole cycle. Stability analysis of the
acousticboundary layer, that is, Stokes layer, in a turbulentenviron-
ment has indicated that transition to turbulenceis a local event, pro-
vided that the boundary-layerthickness ± D O[

p
.º=2¼ f /] is small

compared with the characteristicdimensions, that is, pipe diameter.
Under these conditions, turbulence transition is governed by the lo-
cal Reynolds number based on ±, that is, Re± D ua

p
.2=º!/, where

ua is the amplitude of the oscillatoryaxial velocity, º the kinematic
viscosity,and ! the radian frequencyof periodicmotions.7;8 Effects
of oscillatory motion on turbulence and mean � ow properties in a
fully developed turbulent pipe � ow were also studied by Tu and
Ramaprian9 and Tardu and Binder,10 among others.

Recently, Brereton et al.11 carried out a thorough investigation
of the effects of external unsteadiness on a well-developed � at-
plate turbulent boundary layer by imposing periodic � uctuations
downstream. The interactions between the organized and turbulent
� ow� elds were studied at different frequencies of imposed oscilla-
tions.Statistical descriptionsand correlationsamong the � uctuating
velocity components of turbulent motions were found to be equiv-
alent for the cases with and without freestream unsteadiness over
a broad range of frequency. In view of turbulence as a broadband
phenomenon, excitation at a single frequency did not exert any no-
ticeableeffecton the time-averagedpropertiesofmotion.A compre-
hensive review of recent advances in the study of wall-boundedun-
steady turbulent � ows was performed by Brereton and Mankbadi.12

In contrast to the observations made by Brereton et al.11 and
Brereton and Mankbadi12 for boundary layers, forced oscillations
may cause resonance or other profound responses within con� ned
cavities, such as combustion chambers of rocket and airbreathing
engines. This gives an impetus to investigate injection-driven� ows
in porous chambers, mainly because the chamber is almost entirely
closed and the internal processes tending to attenuate unsteady mo-
tions are weak. Under these situations, enhanced turbulence pro-
duction due to forced periodic excitations may appear at certain
longitudinal eigenmodes of the chamber and consequently cause
large excursions of unsteady � ow motions. To address this phe-
nomenon, Beddini and Roberts13 and Lee and Beddini14 explored
the turbularizationof the acoustic boundary layer in channel � ows
with and without surface transpiration, by means of simpli� ed an-
alytical and numerical analyses based on second-order turbulence
closureschemes.The effect of pseudoturbulenceat the injectionsur-
face on � ow developmentwas also addressed.The results indicated
that thecriticalacousticMachnumber, Mcr »

p
. f º/= Na, requiredfor

acousticallyinducedtransitionof turbulencedecreaseswith increase
in surface injection velocity and pseudoturbulencelevel. A detailed
analysis of this phenomenon is, however, necessary to explore the
behavior of turbulent motions under forced oscillatory conditions.
The effects of turbulence-enhancedmomentum transport on orga-
nized periodic motions and mean � ow� eld need to be addressed.

To explore these issues, the present work includes time-resolved
simulationsand analysesof unsteady� owevolutionin porouscham-
bers with surface transpirationunder forced acoustic excitations.In
subsequent sections, the � ow con� guration and boundary condi-
tions representative of a nozzleless solid-propellant rocket motor
are summarized. A comprehensive data-deductionmethodology is
developed to separate the mean, periodic, and turbulent quantities
from the instantaneous� ow� eld. The decompositionscheme is then
employed to achieve considerable insight into the energy exchange
mechanism among the three different � elds. Finally, the phenom-
ena of acoustically induced turbulenceand the effect of turbulence-
enhanced momentum transfer on the shear wave produced at the
injection surface are addressed for a variety of forcing amplitudes
and frequencies.

II. Flow Con� guration and Boundary Conditions
The physical con� guration under investigation follows our pre-

vious work presented in Ref. 1, which consists of a porous cham-
ber closed at the head end and connected to a divergent nozzle
downstream. Air is injected through the porous surface at a total
temperature of 260 K and a total pressure of 3.142 atm. The mean
injection mass � ow rate is NPmw D 13 kg/m2s. White noise is intro-
duced to the injectionmass � ux, with the magnitudeof perturbation
being 1% of its mean quantity. After a stationary � ow is obtained,
periodic oscillationsare imposed at the head end as follows to sim-
ulate traveling acoustic waves in the chamber:

pa D " Np sin.2¼ f t/ (1)

ua D Np=. Np Na/ (2)

where the overbar denotes time-averagedquantitiesand superscript
a indicates organized unsteady oscillation. Here, " and Na represent
thepercentageof themeanpressureandspeedof sound,respectively.
There is no phase differencebetween the pressureand velocity � uc-
tuations for such a simple traveling acoustic wave. Temperature
� uctuations are obtained according to the isentropic relationship
with pressure:

T a D NT .1 C pa= Np/.° ¡ 1=° / ¡ NT (3)

The boundary conditions along the porous walls are speci� ed
using the method of characteristics described in Ref. 1. The total
mass � ow rate and speci� c internal energy are kept constant, and
vertical injection is enforced. Note that the present simulation is
based on the pseudoturbulencelevel of 1% of the mean mass � ow
rate, corresponding to the low pseudoturbulencecase considered in
Ref. 1 to minimize the effect of imposed white noise on turbulence
transition. The out� ow is supersonic and requires no speci� cation
of physical boundary conditions. The � ow variables at the nozzle
exit are, thus, extrapolatedfrom the computationaldomain. Finally,
� ow symmetry is assumed at the centerline.

III. Decomposition of Flow Variables
Figure 1 shows a typical pressure-timehistory obtained from the

present study, including the mean, periodic, and turbulent motions.
The tripledecompositionintroducedby Hussain and Reynolds15 for
incompressible� ows is extended to include compressibility effects
using Favre-averaged (or density-weighted) ensemble- and time-
averaging techniques given hereafter. These averaging techniques
offer mathematical simpli� cation and eliminate triple correlations
between density and velocity � uctuations in compressible � ows.
Accordingly, the calculated � ow property from LES, QÁ r

.x; t/, can
be expressed as the sum of the density-weighted time-averaged,
periodic, and turbulent quantities as follows:

QÁ r
.x; t/ D

$
Á .x/ C Á a.x; t/ C Á 0.x; t/ (4)

where
$
Á .x/ is the density-weightedlong time average, starting from

the instant t0 at which steady � uctuations of � ow properties are
observed; Á a.x; t/ is the density-weightedphase average that rep-
resents the periodically � uctuating or deterministic unsteady part;
and Á 0.x; t/ is the turbulent � uctuations. Note that the decompo-
sition given by Eq. (4) is based on ensemble and time averages

Fig. 1 Decomposition of unsteady � ow property into mean, periodic,
and turbulent quantities.
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as opposed to the spatial � ltering applied in Ref. 1 to obtain the
unresolved, subgrid scales from turbulent motions. For clarity and
simplicity, the superscript r and spatial � ltering represented by the
tilde are dropped on the right-hand side of Eq. (4). In summary, the
� ow variables obtained from the simulations in Ref. 1 are separated
into three components as given here.

With time averaging,

N½
$
Á .x/ D ½ QÁ r

$
Á .x/ D

"

lim
N ! 1

1
N

N ¡ 1X

n D 0

½ QÁ r
.x; t0 C n1t/

#,
N½

where N1t À ¿ (5)

and with ensemble averaging,

h½i[
$
Á .x/ C Á a.x; t/] D h½ QÁ r

.x; t/i

h½ QÁ r
.x; t/i D lim

N ! 1

1
N

N ¡ 1X

n D 0

½ QÁ r
.x; t C n¿ / (6)

so that

[½ QÁ r
.x; t/]a D h½ QÁ r

.x; t/i ¡ ½ QÁ r
.x/ (7)

where ¿ D 1= f is the period of forced oscillation and t0 is the tem-
poral location at which steady periodic motions are obtained.

Evaluation of the ensemble average given by Eq. (6) requires
calculation and storage of � ow quantities over a large number of
cycles to achieve statistically consistent and meaningful results.
To bypass this computational dif� culty, time-frequency localiza-
tion techniques based on wavelet or fast Fourier transform (FFT)
theories can be used. The latter is employed in the present work.
The � uctuatingpart, comprising turbulentand periodicoscillations,
is � rst obtainedby subtractingthe long time averagedquantity from
its instantaneous value. The FFT of these signals is computed to
transform the data from the physical to the spectral space. The pe-
riodic signal is of known frequency and can be separated from the
original signal by using a windowed Fourier transform (WFT) in
the frequency domain. This extensive data-deductiontechnique, al-
though straightforward, is very time consuming and is employed
to obtain vertical variations of � ow properties at selected axial lo-
cations. Details of this methodology are given in Refs. 16 and 17.
The intercomponent energy transfer mechanisms can be studied by
applying the aforementioned methodology to compute the mean,
periodic, and turbulent � ow� elds within the chamber.

IV. Energy Transfer Among Mean, Deterministic,
and Turbulent Flow� elds

The equations of motion for an organized, unsteady, compress-
ible � ow are formulated by applying the decomposition procedure
described in the preceding section to the conservationlaws of mass
andmomentum.16 The presentworkextendsthe analysisofBrereton
et al.11 for incompressible� ows to accommodate the effect of � uid
compressibility using density-weightedFavre averaging. Note that
the followingequationspresent a guideline to investigatethe energy
transport mechanisms in the presence of periodic oscillations. The
simulations performed solve the Favre-� ltered conservation equa-
tions of mass, momentum, and energy for the resolved scales of
the motion with appropriate subgrid-scale models as described in
Ref. 1. The continuity and momentum equations can be written in
the following conservation form16:

@½

@t
C @.½u`/

@x`

D 0 (8)

@.½uk /

@t
C @.½uk u`/

@x`

D ¡ @½

@xk
C @¾k`

@x`

(9)

where viscous stresses are given as

¾kl D ¡2

3
¹

@u j

@x j
±k` C ¹

³
@uk

@x`

C @u`

@xk

´
(10)

By substituting Eq. (4) into Eq. (8) and making use of the de� -
nitions given in Eqs. (5–7), the continuity equations for the mean,
deterministic (or organized), and turbulent � ow� elds are obtained:

@ N½
@t

C
@. N½$u`/

@x`

D 0 (11)

@½a

@t
C

@
¡
h½iua

`
C ½a $

u`

¢

@x`

D 0 (12)

@½ 0

@t
C

@.h½iu 0
`

C ½ 0u`/

@x`

D 0 (13)

Only the velocity components are averaged with density weighting
to avoid correlations between density and velocity � uctuations in
themomentumequations.The stressesandpressureare decomposed
into the periodic, time-averaged,and random� uctuationsaccording
to the concept of Favre averagingto simplify these equations.When
the ensembleaveragingde� ned in Eqs. (6–9) is applied,the momen-
tum equation for the periodically oscillatory � ow� eld becomes

@h½uk i
@t

C @

@x`

£
h½i

¡
h$uk

$u`i C
«$uku

a
`

¬
C

«
ua

k
$u`

¬
C

«
ua

k ua
`

¬
C hu0

k u 0
`
i
¢¤

D ¡ @. Np C pa/

@xk
C

@
¡$
¾ k` C ¾ a

k`

¢

@x`

(14)

The momentum equation for the mean � ow� eld can be obtained by
taking the density-weighted long time average of either Eq. (9) or
Eq. (14):

@. N½$
uk

$
u`/

@x`

C
@
¡

N½
Ã!
ua

k ua
`

¢

@x`

C
@. N½

Ã!
u0
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@xk

C @.
$
¾k`/

@x`

(15)

To deduce the momentum equation for turbulent � uctuations,
Eq. (14) is subtractedfromEq. (9). Using the de� nitionsof time- and
ensemble-averaging,Eqs. (5) and (6), and noting that . /a ´ h i ¡

$
. /,

we have

@.½u0
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(16)

The equations for kinetic energies in the mean, periodic, and tur-
bulent � ow� elds can be derived from the precedinggoverningequa-
tions, and they provide a clearer interpretation of the relationship
among the various � ow� elds in terms of measurable quantities.

A. Kinetic Energy of Mean Flow� eld
The equation for

$u®
$u® is formed by multiplying Eq. (15) by

$u® ,
with k D ®. Rearranging the result and using the mean continuity
equation (11), we have

@

@x`

³
N½$
u`

$
u®

$
u®

2

´
D ¡$

u®

@ Np
@x®

¡ @

@x`

¡
N½$
u®

Ã!
ua

®ua
` C N½$

u®

Ã!
u0

® u0
`

¢

C $
u®

@
$
¾®`

@x`

C N½
Ã!
u 0

`u
0
®

@
$
u®

@x`

C N½
Ã!
ua

`ua
®

@
$
u®

@x`

(17)

B. Kinetic Energy of Periodic Flow� eld

The equationfor
Ã!
ua

®ua
® is similarlyderivedby subtractingEq. (15)

from Eq. (14) and multiplying the result by ua
® , with k D ®. Taking

the time average and making use of Eq. (12), we have
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@

@t

³
h½i

Ã!
ua

®ua
®

2

´
C @

@x`

³
h½i

Ã¡¡¡¡!
ua

`

ua
® ua

®

2

´
C @

@ x`

³
h½i$

u`

Ã!
ua

®ua
®

2

´

D ¡ua
®

@pa

@xa
¡ @

@x`

¡
h½i

Ã¡¡¡¡!
ua

® u0
`u

0
®

¢
C ua

®

@¾ a
®`

@x`

C h½i
Ã¡¡¡¡!
u0

`u
0
®

@ua
®

@x`

¡ h½i
Ã!
ua

` ua
®

@
$
u®

@x`

¡ $
u`

Ã!
½aua

®

@
$
u®

@x`

(18)

Note that

h½i
Ã!
u 0

`u
0
®

@
$
u®

@x`

can be rearranged to give terms with time mean and periodic � uc-
tuations in density:

N½
Ã!
u 0

`u
0
®

@
$
u®

@x`

C ½au 0
`
u 0

®

@
$
u®

@x`

C. Kinetic Energy of Turbulent Flow� eld
Similarly, multiplying Eq. (16) by u 0

® , with k D ®, and taking the
time average, we have
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(19)

In Eq. (19), the fourth-order correlation term between density
and velocity � uctuations is neglected. Each of the time-averaged
equations for the mean, periodic, and turbulent � ow energies con-
tain the convection, dissipation, production, and viscous and pres-
sure diffusion terms. The production terms are of particular interest
in understanding the energy exchange among the three constituent
� ow� elds. Several important points are noted here.

First, the term

N½
Ã!
u0

`u
0
®

@
$
u®

@x`

appears, with opposite signs, in both Eqs. (17) and (19). It serves as
a pathway to exchange the energy between the mean and turbulent
� elds. This term represents the primary production mechanism, as
is also observed in stationary � ows.

Second, the term

N½
Ã!
ua

`
ua

®

@
$u®

@x`

which appears in both Eqs. (17) and (18), but with opposite signs,
represents the product of the mean shear and the mean correlation
between components of the deterministic velocity. It characterizes
the energy transfer between the mean and deterministic � elds and
serves as a basis for explaining the phenomena of � ow-turning loss
and acoustic streaming.18 The former refers to the loss of acoustic
energy to the mean � ow due to the misalignmentbetween the acous-
tic and mean � ow velocities. The latter describes the modi� cation
of the mean � ow� eld due to impressed periodic excitations.

Finally, kinetic energy is exchanged between the deterministic
and turbulent � elds, as characterizedby the term

N½
Ã¡¡¡¡¡!
u0

`u
0
®

@ua
®

@x`

whichappearsin both Eqs. (18) and (19). Its negativesign in Eq. (19)
represents the productionof turbulentkinetic energy due to periodic
motions. Its positive sign in Eq. (18) representsa sink for the kinetic
energy of periodic motions. The behavior of these three production
terms in Eqs. (17–19) may help explain, in a time-averaged sense,
the relationshipamong the mean, organized,and turbulentmotions.

V. Results and Discussion
The effects of traveling acoustic waves on unsteady � ow evolu-

tion were investigatedin depth at several frequencies(i.e., 336, 676,
1000, 1346, 1500, and 1800 Hz) relevant to the intrinsic acoustic
and hydrodynamic � ow instabilities in the chamber. The excitation
frequency of 336 Hz is roughly estimated to be to the � rst longitu-
dinal acoustic mode of the porous chamber, based on the chamber
length and speed of sound in the head-end region. The frequency
of 1800 Hz, on the other hand, is close to the dominant frequency
of the vortex shedding from the injection surface.1 The nominal
amplitude of pressure excitation " was set to be 5% of the mean
chamber pressure at the head end. The amplitude of " D 2:5% was
also imposed at 336 Hz to study the effect of forcing amplitude on
� ow development.Statisticallymeaningfuldata were obtainedafter
10 cycles of oscillations were completed. The � ow properties were
then stored for 12 cycles for accurate analysis of the interactions
among the mean, periodic, and turbulent � ow� elds.

A. Instantaneous Flow� eld
Figure 2 shows the time evolutionof the � uctuatingpressure � eld

within one cycle of oscillation at f D 336 Hz, normalized by the
mean chamber pressure at the head end. The oscillation amplitude
" is 5%. Only the upper half of the chamber is shown, with y=h D 1
corresponding to the injection surface and y=h D 0 to the center-
line. The cyclic variation of the pressure � eld clearly indicates a
planar acousticwave traveling in the axial direction.The large pres-
sure � uctuation in the downstream region may be attributed to the
� uid compressibilityeffect at high Mach numbers and concentrated
vortices surroundedby large-scale turbulent motions. The � ow� eld
is basically characterized by a balance between the axial pressure
gradient and inertia forces, as elucidated in Ref. 1.

Figure 3 shows the correspondingevolutionof the � uctuatingvor-
ticity � eld. Oscillatory vorticity (also known as shear wave) arises
from the injection surface because of the viscoacoustic interaction
in the unsteady � ow� eld.19;20 A slip � ow associated with the ir-
rotational acoustic motion is not allowed at the surface; the � ow
must enter the chamber in the radially inward direction with no
axial component. This process inevitably produces vorticity, which
is then convected downstream and dissipated by viscous effects.
The acousticallyinduced shear waves undergo transitionin the mid-
sectionof the motor,givingrise to turbulentmotions.The large-scale
structures in the acoustic environmentappear to be more organized,
compared with the case without acoustic waves, and exhibit strong
interactionsbetween turbulenceand periodic excitations.Flandro19

and Flandro et al.20 established an analytical model dealing with
the vorticitygenerationand transport in rocketmotors with acoustic
excitations. The velocity � eld u is decomposed into a solenoidal Ã

Fig. 2 Time evolution of � uctuating pressure � eld within one cycle of
oscillation ( f = 336 Hz and " = 5%).
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Fig. 3 Time evolution of � uctuating vorticity � eld within one cycle of
oscillation ( f = 336 Hz and " = 5%).

Fig. 4 Time evolution of � uctuating dilatation � eld within one cycle of
oscillation ( f = 336 Hz and " = 5%).

and a potential component ’ as follows:

u D Ã C r’ (20)

The solenoidal � eld satis� es the incompressible condition:

r ¢ Ã D 0 (21)

The vorticity � eld X can be obtained from

X D r £ u D r £ Ã (22)

Whereas the solenoidal � eld contains all of the vorticity in a given
velocity � eld, the potential � eld ’ includes all of the volume dilata-
tion, such that

r2’ D r ¢ u D 1 (23)

where 1 denotes the dilatation � eld, which corresponds to the irro-
tational velocity � eld and characterizesdensity variationsattributed
to � uid compressiblity. The � uctuating dilatation � eld can be ob-
tained by subtracting the time-averaged part from Eq. (23) and is
shown in Fig. 4. Regions corresponding to the � uctuating pressure
and concentrated high vorticity are clearly seen in the downstream
region. The acoustic velocity potential is small in the upstream re-
gion, where the � ow is nearly incompressible and laminar. The di-
latation � eld and its associatedacousticvelocitypotential,however,
are signi� cantly in� uenced by the turbulence-enhancedmomentum
transport and compressibility effects in the downstream region.

The effectof excitationfrequencyon theunsteady� ow� eldevolu-
tion is addressed.Figure 5 shows snapshotsof the � uctuatingvortic-

Fig. 5 Snapshots of � uctuating vorticity � elds at different frequencies
of forced excitations (" = 5%).

Fig. 6 Power spectral density of pressure � uctuations at various axial
locations ( f = 336 Hz and " = 5%), y/h = 0:9.

ity � elds for different forcing frequencies. For low frequencies, for
example, 336 and 1000 Hz, turbulence transition is initiated earlier
in the upstream region, as compared with the case without acoustic
excitations.1 This indicates that low-frequency oscillations tend to
promote the energy exchangeamong the mean, periodic, and turbu-
lent � ow� elds and, consequently,lead to enhancedturbulencelevels
in the upstreamregion. In particular,highlyorganizedvorticalstruc-
tures are observed in the midsection of the motor at f D 1000 Hz.
For higher frequencies, for example, 1346 and 1800 Hz, however,
transitionto turbulenceis delayedto a downstreamlocation.The tur-
bulence intensity in the upstream region is minimal, as evidenced
by the layered structure of the laminar shear wave that results from
the enforcement of the no-slip condition at the injection surface
in an acoustic wave environment. Figure 5 also indicates that the
size of these vortical structures changes with frequency. A simple
scaling estimate of the acoustic boundary-layer thickness, that is,
the Stokesian thickness, gives ± D

p
.º= f / for a laminar � ow. For

higher frequencies,± is smaller and viscousstressesbecome so high
as to prevent early initiation of turbulence.The acoustic motions at
lower frequencies,on the other hand, exert a more signi� cant in� u-
ence on the oscillatory � ow� eld and, thus, facilitate energy transfer
among the three components of the velocity � eld.

Figures 6 and 7 show the power spectral densities of pres-
sure and axial velocity � uctuations at various axial locations for
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Fig. 7 Power spectral density of axial velocity � uctuations at various
axial locations ( f = 336 Hz and " = 5%); y/h = 0:9.

Fig. 8 Power spectral density of pressure � uctuations at various axial
locations ( f = 1800 Hz and " = 5%); y/h = 0:9.

f D 336 Hz and " D 5%, respectively.All of the measurements are
taken at a vertical location of y=h D 0:9. The corresponding plots
for f D 1800 Hz are shown in Figs. 8 and 9 for comparison. Sev-
eral points should be noted here. First, for low-frequency forced
oscillations, broadband � uctuations in pressure and axial velocity
are observed even in the upstream region, which indicates early
transition to turbulence. Second, the peak magnitude at the im-
pressed frequency decreases in the downstream region, mainly due
to the � ow-turningloss in the chamber as discussedhereafter.Third,
at higher forcing frequencies, the spectra for pressure and velocity
� uctuations appear signi� cantly different in the upstream region
than their low-frequency counterparts. The broadband turbulence
spectra observed in the upstream region for lower excitation fre-
quencies are absent. Instead, organized motions are triggered at
integer multiples of the impressed frequency, and the � ow becomes
turbulent farther downstream. Finally, the effects of impressed os-
cillationson the power density spectra are noted. The peaks in these
spectra change according to the frequencies of impressed oscil-
lations, indicating modi� cation of the large-scale motions in the
downstream region compared with the case without acoustic exci-
tations. This phenomenon is also evidenced in the photographs of
the � uctuating vorticity � elds shown in Fig. 5.

Fig. 9 Power spectral density of axial velocity � uctuations at various
axial locations ( f = 1800 Hz and " = 5%); y/h = 0:9.

Fig. 10 Temporal evolution of axial distribution of acoustic pressure
( f = 336 Hz and " = 5%).

The precedingobservationssuggest that the complex interactions
among the periodic and turbulent motions are highly frequency de-
pendent.As indicatedin Eqs. (18) and (19), the term N½Ã¡¡¡¡¡¡¡¡!

u 0
`
u 0

®@ua
®=@x`

appears as a source term in the turbulence energy equation but as a
sink term in the kinetic energy equation for deterministic unsteady
� uctuations.The periodicmotions feed energy to the turbulent � ow-
� eld and lead to early transition in the low-frequency regime.

B. Interactions Between Mean and Acoustic Flow� elds
The axial variation of the acoustic pressure � eld can be esti-

mated using an approximate analysis that accounts for planar trav-
eling wave propagationin an injection-drivenchannel � ow.16;17 The
quasi-one-dimensional acoustic � eld in the chamber is formulated
by applyingthe conservationlaws to an in� nitesimalcontrolvolume
enclosing the � ow passage at a given cross section. Culick’s21 and
Culick and Yang’s22 one-dimensional model was extended to in-
corporatecross-sectionalarea variation and compressibilityeffects.
A wave equation for the injection-driven � ow is then derived and
solved with appropriateboundaryconditions.17 Figure 10 shows the
distributions of the acoustic pressure at four different times within
onecycleof oscillationfor f D 336Hz and" D 5%. Excellentagree-
ment with the analytical solution is obtained. The decrease in the
magnitude of the pressure oscillationin the axial direction indicates
the presence of � ow-turning losses. The process takes place when
a � ow particle enters the chamber in a direction perpendicular to
the porous surface and carries no kinetic energy contributed to the
longitudinal waves. The particle then undergoes a turn into the di-
rectionparallelto thechamberaxis and eventuallyparticipatesin the
periodic motion, mainly axial oscillations. During this process, the
incoming � ow acquires energy from the original acoustic � eld, rep-
resenting a redistribution of acoustic energy. The one-dimensional
model of Culick21 and Culick and Yang22 indicates that the acoustic
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� eld loses its energy at a rate twice that obtained by the incoming
� ow. This loss can be regarded as the net exchange of energy from
theacoustic� eld to themean � ow� eld and is termed the � ow-turning
loss.

Hersh and Walker23 conductedan experimentalinvestigationinto
this phenomenon.They measured the variation of acoustic pressure
along the centerline and the acoustic energy � uxes at two test sec-
tions, one upstream and one downstream. Baum and Levine24 also
used the acousticenergy� ux to identify the � ow-turningloss in their
numerical analysis. If the amplitude of acoustic pressure decreases
as the wave propagates, and the downstream energy � ux is smaller
than that upstream, � ow-turning losses are present. The same con-
cept is explored in the present simulations. Figure 10 shows a 35%
decrease in acoustic pressure between the head end and the cham-
ber exit. This indicates a large amount of � ow-turning losses in the
� ow� eld thatmay beattributedto the high cross� ow speedand com-
pressibilityeffect. The situation is quite differentfrom those studied
by Flandro,19 in which the injection velocity is much smaller.

The effect of periodic motion on the mean � ow� eld, termed
acoustic streaming, is also investigated.18 The modi� cation of the
mean � ow� eld through acoustically induced turbulence is found to
be minimal. The kinetic energy of periodic motion, however, de-
creases from the head end toward the nozzle region, a situation that
can be attributed to the turbulence effects and � ow-turning losses
present within the chamber.

C. Effect of Imposed Periodic Excitation on Turbulence Properties
The triple decompositionde� ned in Eq. (4) enables energy trans-

fer to be viewed as taking place among the three participating� elds.
This modi� es the de� nition of turbulence stress for a nonstationary
� ow as follows:

¿kl D ¡½u 0
ku

0
l ¡ ½ua

k ua
l (24)

It differs from its form for a stationary � ow by virtue of an addi-
tional stress due to the organizedpart of unsteadymotion, ¡½ua

k ua
` .

A set of differential equations describing the transport of the vari-
ance of the turbulent and periodic axial velocities is deduced in the
component form, that is, Eqs. (18) and (19). The production of
the axial component of turbulent kinetic energy, N½

Ã!
u0u 0, includes

N½
Ã!
u 0v0@

$
u=@y and N½

Ã¡¡¡¡¡¡¡!
u 0v0@ua=@y. Whereas the former is equally im-

portant for stationary turbulence, the latter accounts for the energy
exchange between the turbulent and periodic � elds.

Figures 11 and 12 show the vertical distributionsof the Reynolds
stress, turbulenceintensity,and periodic-�ow (includingbothacous-
tic and organized shear waves) energy at various axial locations for

Fig. 11 Vertical distributions of Reynolds stress, turbulence inten-
sity, and periodic-� ow energy at various axial locations for f = 336 Hz
and " = 5%: - - - -, without forced oscillation, and ——, with forced
oscillation.

Fig. 12 Vertical distributions of Reynolds stress, turbulence intensity,
and periodic-� ow energy at various axial locations for f = 1800 Hz and
" = 5%: - - - -, without forced oscillationand——, with forced oscillation.

f D 336 and 1800 Hz, respectively. The corresponding properties
for stationary� ows are also indicatedfor comparison.The enhanced
level of turbulence in the upstream region of the chamber at the
low-frequency excitation ( f D 336 Hz) represents transfer of en-
ergy from the acoustic to the turbulent � eld. The acoustic wave can
indeed invoke hydrodynamic instability at low frequencies and ini-
tiate turbulence transition. Farther downstream, the intensity levels
off to its value in the stationary � ow case. The increased velocity
gradient in the mean � ow causes the effect of N½

Ã!
u 0v 0@

$
u=@y to over-

ride the energy production arising from acoustic excitation. The
turbulenceintensityand stress level for the higher frequencycase of
f D 1800 Hz (Fig. 12), on the other hand, indicate limited change
in the upstream region compared with the case without imposed
excitation. With an increase in the forcing frequency, the acoustic
boundary-layerthickness is reduced, and it exerts limited in� uence
on turbulenceproductionin theupstreamregion,due to theeffective-
ness of viscous dissipation.19;20 Figures 11 and 12 also indicate the
decreasing levels of periodic-�ow energy in the downstream region
due to the � ow-turning losses discussed before. The acoustically
induced vorticity is considerably damped in the upstream region
for the low-frequency case, a phenomenon that can be attributed to
the turbulence-producededdy viscosity,which suppressesthe shear
wave arising from the injection surface.20

D. Effect of Turbulence on Periodic Motion
Althoughacousticoscillationsoften enhanceturbulenceintensity

through their interactions, turbulence tends to dissipate organized
shear wave motion due to enhanced momentum transfer measured
by the turbulent eddy viscosity,20 obtained from the resolved scale
length and time scales. Figure 13 shows four snapshots of the axial
velocity � uctuation, including both turbulent and periodic compo-
nents, for different excitation frequencies. The oscillatory velocity
� eld exhibits a multidimensional structure. At higher frequencies,
organized shear waves produced at the injection surface due to the
no-slipconditionare clearlyobservedin theupstreamregion.Turbu-
lence � uctuations override periodic oscillations in the downstream
region and damp out the shear waves.

Figures 14 and 15 present the vertical variations of the periodic
axial velocity � uctuationsua at various axial locations for f D 673
and 1346 Hz, respectively. To elucidate the effect of turbulence,
results for pure laminar � ows are also included, as denoted by the
dashed lines. The velocity � uctuation in the core-� ow region is
governed by the isentropic relationship with the acoustic pressure,
ua D pa= N½ Na. In the upstream laminar regime, a velocity overshoot
is observed near the porous wall because of the presence of the
shear wave.19 In the present study, the magnitude of the velocity
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Fig. 13 Contour plots of � uctuating axial velocities at various excita-
tion frequencies (" = 5%).

Fig. 14 Amplitudes of periodically � uctuating axial velocities at var-
ious axial locations for f = 673 Hz and " = 5%: - - - -, laminar � ow and
——, turbulent � ow.

Fig. 15 Amplitudes of periodically � uctuating axial velocities at vari-
ous axial locations for f = 1346 Hz and " = 5%: - - - -, laminar � ow and
——, turbulent � ow.

overshootis smaller than twice the centerline� uctuatingvelocity,as
predictedby Flandro19 in his theoreticalanalysis.The high chamber
pressure(around100 atm) consideredin his work gives rise to a very
small surface injection velocity, and, hence, a prominent acoustic
boundary layer is obtained. The strong blowing effect arising from
the high injection velocity in the present work, however, extends
the acoustic boundary layer and spreads the shear wave through the
bulk of the chamber. This reduces the magnitude of the overshoot
of the axial velocity � uctuation near the porous wall.

The shear wave travels toward the centerlinewith the mean verti-
cal velocityand is dampedoutbyviscousdissipationin thecore-� ow
region. The shear stress ¾ a

lam given by Eq. (10) is proportional to the
rate at which the axial velocity changes in the vertical direction:

¾ a
lam » @ua

@y
» 1ua

1y
(25)

As the � uid element moves closer to the centerline, the number
of reversals per unit radial distance traveled becomes much larger,
mainly because of the diminished vertical velocity toward the cen-
terline.This leads to increasedshearstressand,consequently,damps
the shear wave in the core region. The acoustic velocity amplitude
dividedby the distance traveledby the � uid particle in one-fourthof
the acoustic period provides a reasonable estimate for the velocity
gradient, as discussed by Flandro.19 Thus, the shear stress near the
wall becomes

¾ a
lam » 4 f=Minj (26)

where Minj is the mean-� ow Mach number at the injection surface.
Equation (26) indicates that, for high frequencies, the shear-stress
levels become so important that viscous dissipation dominates the
behavior of the oscillatory � ow� eld.

The periodic velocity � uctuation in the upstream region for f D
673 Hz is more suppressed than that at the higher frequency of
1346 Hz. This can be attributed to the acoustic wave-induced tur-
bulence and its ensuing increase in the eddy viscosity ºt in that
region. Figure 16 shows the effect of turbulence on the magnitude
and phase of axial velocity � uctuations in the midsection of the
chamber (x=h D 24/ for f D 673 Hz. The large turbulent eddy vis-
cosity ºt near the injection surface suggests ef� cient dissipation of
the shear wave.

E. Acoustically Induced Turbulence Transition
In an effort to characterize acoustically induced turbulence,

Beddini and Roberts13 and Lee and Beddini14 investigated channel
� ows with and without surface mass injection and de� ned a critical
acoustic Mach number as the criterion for turbulence transition un-
der periodic excitations.This number can be obtained by balancing
the productionand dissipation terms in the momentum equation for
periodic oscillations, Eq. (18), with appropriate scaling:

Mcr D K
p

f º= Na (27)

The constant K varies considerably,from188 to 915, as indicatedby
Merkli and Thomann7 for their experiments on � at-plate boundary
layers with imposed freestream unsteadiness. In the present con� g-
urationwith surfacemass injection,the normalizedsurface injection
velocity,vw=

p
.º f /, is another importantparameterdeterminingthe

turbulencetransition behavior.Beddini and Roberts13 observed that
the critical acoustic Mach number decreases with increasing injec-
tion velocity and pseudoturbulencelevel at the injection surface.

For the range of frequency studied in the present work, the crit-
ical acoustic Mach number is calibrated by observing turbulence
transition for a given magnitude of imposed centerline acoustic ve-
locity, ua

c D pa= N½ Na. The amplitude of the pressure excitation at the
head end is 5% of the mean chamber pressure, and the correspond-
ing acoustic Mach number is ua

c = Na D 0:036. By the use of Eq. (27)
and by the observation of acoustically induced turbulence levels
in the upstream region, the coef� cient K attains a value of around
170. Note that occurrence of early transition to turbulence was in-
ferred based on the evaluation of turbulence intensity at locations
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Fig. 16 Effect of turbulence on vertical variations of amplitude and
phase of axial velocity � uctuation for f = 673 Hz and " = 5%; x/h = 24.

Fig. 17 Criterion for acoustically induced turbulence transition in
porous chamber with surface mass injection.

upstream of x=h D 30, where turbulence transition occurred for the
case without imposed excitations.

In the present study, the injection mass � ow rate and the pseu-
doturbulence level were kept constant. The variation of the critical
acousticMachnumberwith normalizedinjectionvelocitywas inves-
tigated using frequencyas a parameter. The result is shown Fig. 17.
With increasedfrequency,the normalizedsurfacemass injectionve-
locity decreases,and, as a result, the critical Mach number required
for transition increases.Accordingly, early transition occurs for the
frequencies of 336, 673, and 1000 Hz, and very limited enhance-
ment of turbulenceintensity in the upstreamregion is observedwith
periodic excitations at higher frequencies of 1346 and 1800 Hz.

The effect of the magnitude of imposed oscillation is also stud-
ied by reducing the forcing amplitude " to 2.5% at 336 Hz. The
correspondingacoustic Mach number at the centerlineua

c= Na shown
in Fig. 17 is 0.018. As predicted by the present transition criterion,
acousticallyinducedturbulenceis minimal for this case and the � ow

Fig. 18 Snapshots of � uctuating vorticity � elds with and without ex-
ternally imposed traveling acoustic waves at head end.

remainslaminarin theupstreamregime.16 It shouldbe cautionedthat
these computationslack the vortex-stretchingmechanismpresent in
three-dimensional� ow� elds, which may play an important role in
redistributing the turbulence intensity and consequently modifying
the interactions between acoustic and turbulent � ow� elds. A com-
prehensivethree-dimensionalsimulationis necessaryto corroborate
and further re� ne the present � ndings.

F. Summary of Unsteady Flow Evolution Under Forced
Periodic Oscillations

Figure 18 summarizes the evolution of the unsteady � ows with
and without externalforcing.The imposedperiodicexcitationsiniti-
ate early turbulence transition in the chamber in the low-frequency
regime. The large vortical structures in the turbulent regime ob-
served in the stationary � ow case are signi� cantly modi� ed, de-
pending on the magnitude and frequency of imposed oscillations.
Several important points should be noted here. First, the unsteady
� ow� eld can be decomposed into mean, periodically oscillatory,
and turbulent motions. This triple decompositioncan be used to ex-
plore the energy-exchangemechanismsamong the three constituent
� ow� elds. Acoustic waves generated by imposed oscillatory mo-
tion lead to enhanced turbulence levels in the upstream region at
certain frequencies. Turbulence thus produced, on the other hand,
suppresses the periodic shear wave generated at the injection sur-
face due to enhanced momentum and energy transport. Second, the
acoustically induced turbulence transition is highly frequency de-
pendent. At higher frequencies, the viscous dissipationeffect in the
oscillatory � ow� eld becomes stronger, thereby suppressing early
turbulence transition. Third, the mean � ow� eld is not signi� cantly
modi� ed from its stationary-�ow counterpart in the present study.
The acoustic � eld, on the other hand, weakens from the head end
toward the chamber exit owing to the � ow-turning losses arising
from the interactions between the mean and acoustic � ow� elds.
Finally, the phenomenon of acoustically induced turbulence transi-
tion can be characterizedby the critical acoustic Mach number and
normalized injection velocity. With increases in injection velocity
and surface-generatedpseudoturbulencelevel, the critical acoustic
Mach number required for transition decreases. Turbulent motion
may be observed in the upstream region throughout the entire cycle
of periodic oscillation only if the amplitude and frequency of the
acoustic excitation meet certain requirements. Validation of these
� ndings against experimental data is necessary.

VI. Conclusions
Time-resolvedcomputationsof injectiondriven � ows in a porous

chamber were performed based on the LES technique. Interactions
among the mean, periodic, and turbulent motion were studied in
detail by imposing traveling acoustic waves in a stationary � ow.
Several cases with different excitation frequencies and amplitudes
of imposedpressure� uctuationswere investigated.The mutual cou-
pling between the turbulent and acoustic motions results in signif-
icant changes in the unsteady � ow evolution in the chamber. The
phenomenonof acousticallyinducedturbulencewas observedwhen
the forcing frequency falls below its critical value for a given am-
plitude of oscillation and pseudoturbulencelevel.
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